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1 Introduction
In this paper, the following boundary value problem is discussed
(P)
{
−div(a(|∇u|)∇u) + a(|u|)u = λf(x, u) + µg(x, u), in Ω,
Bu = 0, on ∂Ω,
(1.1)
where Ω ∈ RN ia a bounded domain with smooth boundary ∂Ω, Bu = u or Bu = ∂u
∂n
(here n
is outward unit normal to ∂Ω), a(t) ∈ C(R), λ > 0 and µ are constants. Especially, when
a(t) = |t|p−2, Problem (P) is the well known p–Laplacian equation. There are a large number
of papers on the existence of solutions for p-Laplacian equation. Readers can be refered to [2,4–
6,12] and the references therein for some results. Problem (P) is studied in an Orlicz-Sobolev
space. The study of Problem (P) in the Orlicz-Sobolev spaces has been received considerable
attention in recent years. We refer to the overview papers[3,7−9] for the advances and references
of this area.
Problem (P) possesses more complicated nonlinearities, for example, it is inhomogeneous,
so in the discussions, some special techniques will be needed. The inhomogeneous nonlinearities
have important physical background, e.g.,
(a) nonlinear elasticity: P (t) = (1 + t2)γ − 1, γ > 12 ,
(b) plasticity: P (t) = tα(log(1 + t))β , α ≥ 1, β > 0,
(c) generalized Newtonian fluids: P (t) =
∫ t
0
s1−α(sinh−1 s)βds, 0 ≤ α ≤ 1, β > 0.
In this work, our aim is to establish existence of three solutions for Problem (P) via an
abstract result recently obtained by Ricceri in [13]. Ricceri’ result has used for many equations,
including p(x)-Laplacian equations[10], Hamiltonian systems[15], Kirchhoff equations[14], etc.
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This paper is organized as follows. In Section 2, we present some necessary preliminary
knowledge and main results. In Section 3, we present the proofs of Theorem 2.1 and Theorem
2.2. In section 4, we shall provide an example to illustrate our existence result in Theorem 2.2.
2 Preliminaries and Main Results
The function a is such that p : R→ R defined by
p(t) =
{
a(|t|)t, t 6= 0,
0, t = 0,
(2.1)
is an increasing homeomorphism from R onto itself and f(x, t) ∈ C(Ω¯×R,R).
Obviously, Problem (P) allows a nonhomogeneous function p in the differential operator
defining Problem (P). To deal with this situation, we introduce an Orlicz- Sobolev space setting
for Problem (P) as follows.
Let
P (t) :=
∫ t
0
p(s)ds, P˜ (t) :=
∫ t
0
p−1(s)ds, t ∈ R, (2.2)
then P and P˜ are complementary N -functions (see [1,11]), which define the Orlicz spaces
LP := LP (Ω) and LP˜ := LP˜ (Ω), respectively.
Throughout this paper, we assume the following condition on P .
(p) : 1 < p− := inf
t>0
tp(t)
P (t)
≤ p+ := sup
t>0
tp(t)
P (t)
< +∞.
Under the condition (p), the Orlicz space LP coincides with the set (equivalence classes) of
measurable functions u : Ω→ R such that∫
Ω
P (|u|)dx < +∞. (2.3)
Equipped with the (Luxemburg) norm, defined by
|u|P := inf
{
k > 0,
∫
Ω
P
( |u|
k
)
dx < 1
}
.
We shall denote by W 1,P (Ω) the corresponding Orlicz-Sobolev space with the norm
‖u‖W 1,P (Ω) := |u|P + ||∇u||P .
Denote by W 1,P0 (Ω) the closure of C
∞
0 in W
1,P (Ω).
Let us now introduce the Orlicz-Sobolev conjugate P∗ of P , which is given by
P−1∗ (t) :=
∫ t
0
P−1(τ)
τ
N+1
N
dτ (2.4)
(see [1,11]), where we suppose that
lim
t→0
∫ 1
t
P−1(τ)
τ
N+1
N
dτ < +∞ and lim
t→∞
∫ t
1
P−1(τ)
τ
N+1
N
dτ = +∞. (2.5)
In the case P (t) = |t|
p
p
, (2.5) holds if and only if N > p.
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Let
p−∗ := inf
t>0
tP ′∗(t)
P∗(t)
, p+∗ := sup
t>0
tP ′∗(t)
P∗(t)
. (2.6)
Throughout this paper, we assume
p+ < p−∗ . (2.7)
We will make the following assumptions on f(x, t) and g(x, t):
(∗): f(x, t) and g(x, t) are Carathe´odory functions, i.e., there exists an odd increasing
homeomorphism h from R to R, and nonnegative constants a1, a2 such that
|f(x, t)|, |g(x, t)| ≤ a1 + a2h(|t|), ∀ t ∈ R, ∀x ∈ Ω¯
and
lim
t→+∞
H(t)
P∗(kt)
= 0, ∀ k > 0,
where
H(t) :=
∫ t
0
h(s)ds. (2.8)
Similar to condition (p), we also assume the following condition on H .
(h) : 1 < h− := inf
t>0
th(t)
H(t)
≤ h+ := sup
t>0
th(t)
H(t)
< +∞.
In this paper, we will use the following equivalent norm on W 1,P (Ω):
‖u‖ := inf
{
k > 0 :
∫
Ω
[
P
( |u|
k
)
+ P
( |∇u|
k
)]
dx < 1
}
.
In the following we denote
F (x, t) =
∫ t
0
f(x, s)ds, G(x, t) =
∫ t
0
g(x, s)ds.
Then, we have the following two results.
Theorem 2.1. Assume that f(x, t)and g(x, t) satisfy (∗), Bu = u,
max
{
lim sup
t→0
sup
x∈Ω
F (x, t)
|t|p+
, lim sup
|t|→+∞
sup
x∈Ω
F (x, t)
|t|p−
}
≤ 0, (2.9)
and
sup
u∈W
1,P
0
(Ω)
∫
Ω
F (x, u)dx > 0.
Let
θ1 = inf
{∫
Ω[P (|∇u|) + P (|u|)]dx∫
Ω F (x, u)
dx : u ∈ W 1,P0 (Ω),
∫
Ω
F (x, u)dx > 0
}
.
Then, for each compact interval [a, b] ⊂ (θ1,+∞), there exists r1 > 0 with the following
property: for every λ ∈ [a, b] and every function g which satisfies condition (∗), there exists
δ > 0 such that, for each µ ∈ [0, δ], Problem (P) has at least three solutions whose norms are
less than r1.
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Let us set
CP,p+ = sup
u∈W 1,P (Ω)\{0}
|u|p+
‖u‖
and
CP,p− = sup
u∈W 1,P (Ω)\{0}
|u|p−
‖u‖
respectively. From the condition (∗), both CP,p+ and CP,p− are positive constants. 2
Theorem 2.2. Assume that f(x, t)and g(x, t) satisfy (∗), Bu = ∂u
∂n
and
max
{
lim sup
t→0
sup
x∈Ω
F (x, t)
|t|p+
, lim sup
|t|→+∞
sup
x∈Ω
F (x, t)
|t|p−
}
<
1
C0
sup
t∈R\{0}
∫
Ω
F (x, t)dx∫
Ω
P (t)dx
, (2.10)
where C0 = max{C
p+
P,p+
, Cp
−
P,p−
}. Let
θ2 = inf
{ ∫
Ω P (t)dx∫
Ω F (x, t)dx
:
∫
Ω
F (x, t)dx > 0
}
,
and
θ3 =
1
C0max
{
lim sup
t→0
sup
x∈Ω
F (x, t)
|t|p+
, lim sup
|t|→+∞
sup
x∈Ω
F (x, t)
|t|p−
} .
Then, for each compact interval [a, b] ⊂ (θ2, θ3), there exists r2 > 0 with the following
property: for every λ ∈ [a, b] and every function g which satisfies condition(∗), there exists
δ > 0 such that, for each µ ∈ [0, δ], Problem (P) has at least three solutions whose norms are
less than r2.
3 The Proofs of Theorem 2.1 and Theorem 2.2
In this section, for simplicity, we write F(u) =
∫
Ω F (x, u)dx, G(u) =
∫
ΩG(x, u)dx and P(u) =∫
Ω(P (|∇u|) + P (|u|))dx. It is easy to know that the critical points of the functional P(u) −
λF(u) − µG(u) on the spaces W 1,P0 (Ω) and W
1,P (Ω) are weak solutions of the Equation (1.1)
with Dirichlet and Neumann boundary conditions respectively. In order to prove our results,
we now state some useful lemmas.
Lemma 3.1[1]. Under the Condition (p), the spaces LP (Ω), W 1,P0 (Ω) and W
1,P (Ω) are sep-
arable and reflexive Banach spaces.
Lemma 3.2[1]. Under the condition (∗), the imbedding
W 1,P (Ω) →֒ LH(Ω)
is compact.
Lemma 3.3[7]. Let ρ(u) =
∫
Ω P (u)dx, we have
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(1) if |u|P < 1, then |u|
p+
P ≤ ρ(u) ≤ |u|
p−
P ;
(2) if |u|P > 1, then |u|
p−
P ≤ ρ(u) ≤ |u|
p+
P .
Similar to Lemma 3.3, we have
Lemma 3.4.
(1) If ‖u‖ < 1, then ‖u‖p
+
≤ P(u) ≤ ‖u‖p
−
;
(2) If ‖u‖ > 1, then ‖u‖p
−
≤ P(u) ≤ ‖u‖p
+
.
Lemma 3.5.
(1)[8,9] The functional P ∈ C1(W 1,P (Ω), R) is convex and sequentially weakly lower semi-
continuous and
P ′(u)φ =
∫
Ω
(a(|∇u|)∇φ+ a(|u|)φ)dx, ∀u, φ ∈ W 1,P (Ω).
Moreover, the mapping P ′ : W 1,P (Ω) → W 1,P (Ω)∗ is bounded homeomorphism, and is of type
(S+), namely,
un ⇀ u and lim sup
n→∞
P ′(un)(un − u) ≤ 0 imply that un → u in W
1,P (Ω). (3.1)
(2)[3] The functionals F(u) and G(u) : W 1,P (Ω) → R are sequentially weakly continuous,
F(u),G(u) ∈ C1(W 1,P (Ω), R), and for all u, φ ∈W 1,P (Ω),
F ′(u)φ =
∫
Ω
f(x, u)φdx, G′(u)φ =
∫
Ω
g(x, u)φdx,
The mappings F ′,G′ :W 1,P (Ω)→ W 1,P (Ω)∗ are weakly–strongly continuous, namely,
un ⇀ u implies that F
′(un)→ F
′(u) and G′(un)→ G
′(u), (3.2)
where ⇀ and →denote the weak and strong convergence in W 1,P (Ω), respectively.
Let X be a real Banach space. We denote by O the class of all functionals P : X → R
possessing the following property: if {un} is a sequence in X converging weakly to u ∈ X and
lim inf
n→∞
P(un) ≤ P(u), then {un} has a subsequence converging strongly to u.
Lemma 3.6[13]. Let X be a separable and reflexive real Banach space; P : X → R a coer-
cive, sequentially weakly lower semicontinuous C1 functional belonging to O , bounded on each
bounded subset of X and whose derivative admits a continuous inverse on X∗; F : X → R,
a C1 functional with compact derivative. Assume that P has a strict local minimum u0 with
P(u0) = F(u0) = 0. Finally, setting
α := max
{
0, lim sup
‖u‖→∞
F(u)
P(u)
, lim sup
u→u0
F(u)
P(u)
}
,
β := sup
u∈P−1(0,+∞)
F(u)
P(u)
.
Suppose that α < β.
Then, for each compact interval [a, b] ⊂ ( 1
β
, 1
α
) (with the conventions 10 = +∞,
1
+∞ = 0),
there exists r > 0 with the following property: for every λ ∈ [a, b] and every C1 functional
G : X → R with compact derivative, there exists δ > 0 such that, for each µ ∈ [0, δ], the
equation
P ′(u) = λF ′(u) + µG′(u).
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has at least three solutions whose norms are less than r.
Proof of Theorem 2.1. Fix ε > 0, By (2.9), there exist ρ1, ρ2 with 0 < ρ1 < 1 < ρ2, such that
F (x, t) ≤ ε|t|p
+
, ∀ (x, t) ∈ Ω× [−ρ1, ρ1], (3.3)
F (x, t) ≤ ε|t|p
−
, ∀ (x, t) ∈ Ω× (R\[−ρ2, ρ2]). (3.4)
It is easy to see that
F (x, t) ≤ ε|t|p
+
, ∀ (x, t) ∈ Ω× (R\[−ρ2, ρ1] ∪ [ρ1, ρ2]). (3.5)
Since F (x, t) is bounded on each subset of Ω×R, we can choose C1 > 0 and q with p
+ < q < p−∗
such that
F (x, t) ≤ ε|t|p
+
+ C1|t|
q, ∀ (x, t) ∈ Ω×R. (3.6)
Using Orlicz-Sobolev inequalities[1], there exist C2, C3 > 0, if ‖u‖ ≤ 1 we have
F(u) ≤ C2ε‖u‖
p+ + C3‖u‖
q. (3.7)
So we obtain
lim sup
u→0
F(u)
P(u)
≤ C2ε. (3.8)
Moreover by (3.4), for each ‖u‖ > 1,
F(u)
P(u)
=
∫
Ω
F (x, u)dx∫
Ω[P (|∇u|) + P (|u|)]dx
≤
∫
|u|≤ρ2
F (x, u)dx
‖u‖p−
+
∫
|u|>ρ2
F (x, u)dx
‖u‖p−
. (3.9)
So there exists a C4 > 0 such that
lim sup
‖u‖→+∞
F(u)
P(u)
≤ C4ε. (3.10)
Since ε is arbitrary, (3.8) and (3.10) imply that
max
{
0, lim sup
‖u‖→∞
F(u)
P(u)
, lim sup
u→0
F(u)
P(u)
}
≤ 0.
Then, by Lemma 3.6, α = 0. By assumption, we have β > 0. Thus, all hypotheses of Lemma
3.6 are satisfied, obviously, θ1 =
1
β
. 2
Proof of Theorem 2.2. Let
η1 = max
{
lim sup
t→0
sup
x∈Ω
F (x, t)
|t|p+
, 0
}
, (3.11)
η2 = max
{
0, lim sup
|t|→+∞
sup
x∈Ω
F (x, t)
|t|p−
}
. (3.12)
Fix ε > 0, By (2.10), there exist ρ1
′, ρ2
′ with 0 < ρ1
′ < 1 < ρ2
′, such that
F (x, t) ≤ (η1 + ε)|t|
p+ , ∀ (x, t) ∈ Ω× [−ρ1
′, ρ1
′], (3.13)
F (x, t) ≤ (η2 + ε)|t|
p− , ∀ (x, t) ∈ Ω× (R\[−ρ2
′, ρ2
′]). (3.14)
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It is easy to see that
F (x, t) ≤ (η1 + ε)|t|
p+ , ∀ (x, t) ∈ Ω× (R\[−ρ2
′, ρ1
′] ∪ [ρ1
′, ρ2
′]). (3.15)
Since F (x, t) is bounded on each subset of Ω×R, we can choose C1
′ > 0 and q with p+ < q < p−∗
such that
F (x, t) ≤ (η1 + ε)|t|
p+ + C1
′|t|q, ∀ (x, t) ∈ Ω×R. (3.16)
Using Orlicz-Sobolev inequalities[1], there exist C2
′ > 0, if ‖u‖ ≤ 1 we have
F(u) ≤ Cp
+
P,p+
(η1 + ε)‖u‖
p+ + C2
′‖u‖q. (3.17)
So we obtain
lim sup
u→0
F(u)
P(u)
≤ Cp
+
P,p+
(η1 + ε). (3.18)
Moreover by (3.5), for each ‖u‖ > 1, one has
F(u)
P(u)
=
∫
Ω
F (x, u)dx∫
Ω[P (|∇u|) + P (|u|)]dx
≤
∫
|u|≤ρ2
F (x, u)dx
‖u‖p−
+
∫
|u|>ρ2
F (x, u)dx
‖u‖p−
, (3.19)
so we have
lim sup
‖u‖→+∞
F(u)
P(u)
≤ Cp
−
P,p−
(η2 + ε). (3.20)
Since ε is arbitrary, (3.18) and (3.20) imply that
max
{
0, lim sup
‖u‖→∞
F(u)
P(u)
, lim sup
u→0
F(u)
P(u)
}
≤ C0max{η1, η2}, (3.21)
where C0 = max{C
p+
P,p+
, Cp
−
P,p−
}.
We easily see that
sup
t∈R\{0}
∫
Ω F (x, t)dx∫
Ω
P (t)dx
< sup
u∈P−1(0,+∞)
F(u)
P(u)
. (3.22)
Then, (2.10), (3.21) and (3.22) imply that
max
{
0, lim sup
‖u‖→∞
F(u)
P(u)
, lim sup
u→0
F(u)
P(u)
}
< sup
u∈P−1(0,+∞)
F(u)
P(u)
. (3.23)
Let [a, b] ⊂ [θ2, θ3], then all hypotheses of Lemma 3.6 are satisfied. The proof is complete. 2
4 Example
In this section, we shall provide an example to illustrate our existence result in Theorem 2.2.
Corollary 4.1. Let Ω ⊂ RN (N ≥ 2) be a bounded domain with smooth boundary ∂Ω and
l, k > 0. Assume that a(t) = ptp−2 log(1 + t) + t
p−1
1+t , 2 < p + 1 < m + 1 < n + 1 <
Np
N−p
and
β(x) > 0 for all x ∈ Ω.
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Set
θ2 = inf
{ ∫
Ω
P (t)dx∫
Ω β(x)
(
k|t|m+1
m+1 −
l|t|n+1
n+1
)
dx
:
∫
Ω
β(x)
(
k|t|m+1
m+ 1
−
l|t|n+1
n+ 1
)
dx > 0
}
.
Then, for each compact interval [a, b] ⊂ (θ2,+∞), there exists r2 > 0 with the following property:
for every λ ∈ [a, b] and every g(x, t) which satisfies the condition (∗), there exists such that δ > 0,
for each µ ∈ [0, δ], problem

−div(a(|∇u|)∇u) + a(|u|)u = λβ(x)(k|u|m − l|u|n) + µg(x, u), in Ω,
∂u
∂n
= 0, on ∂Ω.
(4.1)
has at least three weak solutions whose W 1,P (Ω)-norms are less than r2.
Proof.
Since p(t) = a(|t|)t, we have
P (t) = tp log(1 + t), t ≥ 0,
p− = p, p+ = p+ 1.
From the definition of P−1∗ (t) and L’Hoˆpital’s rule, we have
t(P−1∗ )
′(t)
P−1∗ (t)
=
t−
1
N P−1(t)∫ t
0
P−1(τ)
τ
N+1
N
dτ
is increasing in t > 0 (4.2)
and
lim
t→∞
t(P−1∗ )
′(t)
P−1∗ (t)
= lim
t→∞
t−
1
N P−1(t)∫ t
0
P−1(τ)
τ
N+1
N
dτ
= −
1
N
+
1
p
. (4.3)
So
p−∗ = inf
t>0
tP∗
′(t)
P∗(t)
= inf
t>0
1
t(P−1
∗
)′(t)
P
−1
∗
(t)
=
Np
N − p
. (4.4)
The assumption p+ 1 < Np
N−p
implies that
p+ < p−∗ . (4.5)
Set
f(x, t) = β(x)(k|t|m − l|t|n), ∀ (x, t) ∈ Ω×R. (4.6)
It is easy to see that f(x, t) satisfies the condition (∗). Moreover
F (x, t) = β(x)
(k|t|m+1
m+ 1
−
l|t|n+1
n+ 1
)
, ∀ (x, t) ∈ Ω×R, (4.7)
where F (x, t) =
∫ t
0
f(x, s)ds.
There exist a point xt ∈ Ω depends on t, such that
sup
x∈Ω
F (x, t)
|t|p−
= β(xt)|t|
m+1−p−
( k
m+ 1
−
l|t|n−m
n+ 1
)
. (4.8)
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Since m < n, k, l > 0 and β(x) > 0, if |t| is large enough, we have
β(x)|t|m+1−p
−
(
k
m+ 1
−
l|t|n−m
n+ 1
)
≤ 0. (4.9)
So
lim
|t|→+∞
sup
x∈Ω
F (x, t)
|t|p−
≤ 0. (4.10)
Similarly, one has
sup
x∈Ω
F (x, t)
|t|p+
= β(x)
(k|t|m+1−p+
m+ 1
−
l|t|n+1−p
+
n+ 1
)
. (4.11)
Using the assumption p+ 1 < m+ 1 < n+ 1, we obatain
lim
t→0
sup
x∈Ω
F (x, t)
|t|p+
= 0. (4.12)
Then, we have
max
{
lim sup
t→0
sup
x∈Ω
F (x, t)
|t|p+
, lim sup
|t|→+∞
sup
x∈Ω
F (x, t)
|t|p−
, 0
}
= 0. (4.13)
Finally, if |t| is small enough, we have∫
Ω
β(x)
(k|t|m+1
m+ 1
−
l|t|n+1
n+ 1
)
dx ≥ 0. (4.14)
So, f satisfies the assumptions of Theorem 2.2. The conclusion follows an θ3 = +∞. And this
completes proof. 2
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